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ABSTRACT
Suppose that a > 1, 0 < R < oo and that f is analytic in |z| € aR with
| £(0)] > 1. It is shown that for a constant dy depending only on «,

log M(R, f) < daT(R, /)/*T(aR, f)!/2.

Therefore if f is entire of order A < oo,log M(r, f)/T(r, f) has order at
most A\/2. These results are shown by example to be quite precise.

1. Introduction

Let f(z) be meromorphic in the complex plane. We will use freely the standard
notation of Nevanlinna theory, including

T(r, f), m(r,f), N(r, f), logM(r, f),....
In addition, we define m} (r, f), 1 < p < 00, by

2w 1/p

mi(r )= |57 [(o8™ 50
0
It has long been of interest to compare the sizes of T'(r, f) and log M (r, f) for
entire functions. In 1932 R.E.A.C. Paley conjectured that an entire function f(z)
of order A satisfies

A 1
lOgM(r,f) < sinwX? A< 27

(r.1) lim <

r—oo T(T‘,f) T, A>

N[—
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This conjecture was proved by Valiron [10] and Wahlund [11] for A < § in 1935.
The first complete proof was given by Govorov [3] in 1969. Petrenko [7] has
established that the inequality (1.1) remains valid if the order A is replaced by
the lower order p and f{z) is assumed to be meromorphic.

The situation is quite different for entire functions of infinite order. In fact,
for such functions

T(r,f)=o(log M(r, f)), r— oo,

is possible. An upper bound for log M (r, f) in terms of T'(r, f) was obtained by
Shimizu [9] in 1929 when he showed that for each number £ > 1 and each entire
function f(z)
lim log M(r, f)
r—oo T(r, f)[log T'(r, f)]¥
Related results can be found in papers by C. T. Chuang (2], I.I. Marchenko and
A. 1. Shcherba [6], W. Bergweiler [1], and A. I. Shcherba (8].

We note that all the upper bounds mentioned above have exceptional sets. Less

= 0.

attention seems to have been given to obtaining upper bounds for log M (r, f) in
terms of T'(r, f) having no exceptional set. From the results of W. K. Hayman in
[5] it follows that for any increasing function g(t) there exists an entire function

f(z) such that
g M(r,f)
e M

This means that we cannot estimate log M (r, f) from above in terms of T'(r, f)
for all r € (0, 00) for the class of all entire functions. For entire functions of finite
order, A. I. Shcherba [8] obtained in 1985 that for any number k > 0,

log M(r, f)

ﬁﬁwmwanzo

In this paper, we show that for an entire function f(2) of order A < oo and
r > r(e),

(1.2) log M(r, f) < r3+<T(r, f), &> 0.
Inequality (1.2) follows immediately from Theorem 2.2, which asserts that

(1.3) log M(r, f) < doT(r, f)3 T(ar, f)},
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for all entire f with [f(0)] > 1 and all r > 0, where & > 1 and d,, is a constant
depending only on a. The inequality (1.3) improves the well-known inequality

R+r
R—1r
which follows from the Poisson-Jensen formula. All the facts we mentioned above

(1.4) log M(r, f) < T(R,f), 0<r <R,

have analogues for m} (r, f).

In section 3 we construct examples, using a technique which was introduced
by W. K. Hayman [5] in his study of the comparative sizes of T(r, f) and T'(r, f’)
for meromophic functions and also used by A. I. Shcherba [8], to show all the

results of section 2 are best possible.

2. Main Results

In this section we obtain upper bounds for log M (r, f) in terms of the Nevanlinna
characteristic for entire functions with no exceptional set of r. We first need the
following estimate for 8log |f(re®)|/dr.

LEMMA 2.1: Let1 < 3 < e andlet 0 < R < co. Suppose that f(z) is analytic in
|z| < B%R with |f(0)| > 1, that f(z) has no zeros in |z| < R, and that 0 < § < 2.
Then for R/2 < r < R, we have

Olog |f(re®)| <. T(6*R, )

or =P R ’
where
cg = ————Gﬂ
P B-nT

Proof: Let an be the zeros of f(z) and let w = re?, R/2 < r < R, and 0 <
6 < 2x. Without loss of generality we may assume |a,| # SR for all n. The

differentiated Poisson—Jensen formula [4, p. 22] gives

wf'(w) 1 [ i 2wBRe™
S =, PR OR NG e
w nW
. lanlz<:ﬂ3(w —ay * (BR)? - a_nw)‘
Hence
wf'(w rBR 27 , ,
Re[ J{(l(u))] S(ﬁi{frﬁ (%/o “Og'f(ﬁRew”'d“O)
(2.1) w |an|r
3[R ) G )

lan|<BR
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Since £ = z/(z — a) maps the circle |z| = |a| to the line Re(€) = %, we have for
[a| > r = |w]| that

w 1
R -,
e[w—a] < 2

By assumption, f(z) has no zeros in |2| < R. Therefore |a,| > R > r for all

n=12,..., and we have
w 1
2.2 R < -
( ) ¢ [w - an} 2
1t is trivial to show for |a,| < SR that
|an|r T

23) BR)? ~lanr = BR—1~

By assumption, we have log |f(0)| > 0. Therefore Jensen’s formula gives
T(BR,1/f) = T(BR, f) — log|f(0)] < T(BR, f).

Hence we obtain that
1 [* .
(24) 2 || losIf(8RE")lidy < 2T(BR. 1).

Observing that
i i0 £1(,.,i0
[loglf(re) _ o [ref(re)]
or f(ret®)
we deduce from (2.1), (2.2), (2.3), and (2.4) that

dlog|f(re?)] . _ 4BR
or ~(BR-71)

1 1
2T(ﬂR9f)+ (Z‘i' ,BR—T

)nor 1),

Since log 8 > @ for 1 < 8 < e, we have

N(FR,1/f) _ 2T(FR. ])
log8 ~ B-1

n(BR,1/f) <

Hence we finally obtain that
2hglfe)| ¢ 48 (TERDY , (1, L) D
or ~(B-1)? R R (B-1R -1
. ( 66 ) T(@R 1)
“\(B-1) R

This proves the lemma.
We now use Lemma 2.1 to obtain our main results.
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THEOREM 2.2: Suppose that 1 < a < € and 0 < R < co. Let f(z) be analytic
in |2| < aR with |f(0)] > 1, and let 1 < p < co. Then we have

(2.5) log M(R, f) < doT(R, f)*T(aR, f)*
and

(2.6) m (R, f) < do? T(R, ) T(aR, )5
where

_ 4/3az(a? +1)

do
a-—1

We show that the results of Theorem 2.2 are quite precise in Theorem 3.2 (a)
and (b).

Proof:
(i) Suppose first that f(z) has no zeros in |z| < R. We choose 6q in [0, 27) so
that

log M(R, f) = log | f(Re**)| > 0.

For % < R; < R, we use Lemma 2.1 (with the choice 32 = a) and (1.4) to obtain

% dlog |f(re™)|

log M(R, f) = log |f (Ri¢™®)| +/R ar
R
(2.7) <log M(Ry, f) +/ cﬁz(‘ﬂjf—’”dr
R,
2R T(F°R,
Spog BN+ (R- Rl)cﬁ—(ﬁ?z—f)'

Now choose R; such that

logM(R, f) (R
2. R-—Ri=—"—7F—"=|=}).
28 'S TR\ 2
We claim that Ry > %—. In fact, by (1.4)

logM(R, f) _ (B-1*82+1) (B-1)(8°+1) e’ +1

TR, f) = 6B -1)  6p(B+1) - 12

since 1 < B < e. This establishes our claim. Hence it follows from (2.7) and (2.8)
that

T(R, f)T(B*R, f)

log M(R, f) < 4ep log M(R, f)

1
+ 5 log M(R, f).
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Therefore we conclude

log M(R, ) < (8¢s)¥T(R, f)IT(B?R, f)?.

Since a = 32, we get
log M(R, f) < daT(R, f)}T(aR, f)1,

where L
i = 4v/3at(at? +1)

«T a-—~1 )

(ii) In the general case, if a, are the zeros of f(z), set

2 G2
o) = f(z) [] Rﬁ(z——a—n)'

len]<R

Isr. J. Math.

Then g(z) has no zeros in |z] < R, and |g(0)] > 1. We may apply the reasoning

of (i) to the function g(z) to obtain
(29) log M(R,9) < duT(R, g)*T(aR, 9)?.

Since

lg(z)] = 1f(z)] on |z]=R

and

lg(z)| < 1f(2)] on [z] =R,
we have
(2.10) log M(R,g) = log M(R, f),
(211) T(R,g9) =T(R, f),
and
(2.12) T(aR,g) < T(aR, f).

Hence it follows immediately from (2.9), (2.10}, (2.11), and (2.12) that

log M(R, f) < dT(R, f)}T(aR, f)}.
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This proves (2.5).
(iii) Finally, a simple observation gives (2.6). In fact,
2n

i R NP = 5= [ (og* [7(Re®) Pap

<L / * (log M(R, )P~ 1og* | f(Re)|d6
=97 J, g s g
=log M(R, f)P"'T(R, f) < &&"'T(R, f)*F T(aR, f)*7".

This establishes (2.6) and the proof of Theorem 2.2 is complete.
For entire functions of finite order, we now obtain upper bounds for log M(r, f)
and mf (r, f) in terms of T(r, f).

COROLLARY 2.3: Let f(z) be entire of order A, 0 < A < co. Then for any ¢ > 0
there exists a number R(e) such that

(2.13) log M(R, f) < R***T(R,f), R> R(e),
and
(2.14) m(R, f) < RSB MCT(R, f), R> Re).

We show that the results of Corollary 2.3 are best possible in Theorem 3.2 (c).

Proof: Without loss of generality we may assume that |f(0)] > 1. If not,
consider the function f(z) + 2. By setting a = 2 in (2.5), we get

(2.15) log M(R, f) < 4V6(V2+1)T(R, f)}T(2R, f)} < 40T(2R, f)}T(R, f).
By the definition of order, we have
(2.16) T(2R, F) = 0((2R)**¢) = O(R**®), R — oo.

Hence (2.13) follows from (2.15) and (2.16).

Now, by setting @ = 2 in (2.6), we get
o T RHSWEVZH T TR S TER )
' < 40T(2R, f) T(R, ).

Hence (2.14) also follows from (2.16) and (2.17).
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3. Examples

We now proceed to construct examples of entire functions which show that Theo-
rem 2.2 and Corollary 2.3 are quite precise. Our examples are based on techniques
introduced by Hayman [5]. We let

10 =t =ew (1), ezt

Since Re[1%;] is positive and harmonic in |z| < 1, we have, for 0 < k < 1,

T(k, f)=1log f(0)=c

and
c
logM(k, f) = T %
We set -
f(z,0) = Zanz",
n=0
N
Pyn(z,¢) = Z anz”,
n=0
and

1
2c\ 2
KN:I_S(N) .

We need the following two lemmas of Hayman.

LEMMA A [5]: If Ky >  and |z| = r, then we have
(a) |Pn(z,¢) = f(z,¢)| <1, 7 < KN,
(b) [T(r, Pn(z,¢)) —c| < log2, r < Ky,
(c) T(r, Pn(2,¢)) < 17(cN)? + Nlog*r, r > Kn.

We suppose that r,, c,,, and IV, are increasing sequences satisfying the follow-

ing conditions for all positive integers n:

(3.1) (i) r1=1, Tpy1 > 27,

(ii) cn > N,
and

(iii) N, > 512¢,,
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where the N,, are positive integers. We set

= z
3.2 F(z)=) e Py <—,c )
(32) (=3 (e
and have

LEMMA B [5]: With the above notation F(z) is an entire function. Further, if
T,/2 <1 < Ty41/2, we have, for |z| =r and v > 2,

v~1
T —4c, r
(a‘) T(T,F)ST(;;,E PN.,(Z,CV)> +21Nn (logr—n-+2>,
and
(b) ‘ Z e—4CnPN" (;,Cn> , < 1.
n=u41 n

In addition we need the following elementary lemma.

LEMMA 3.1: If 1<p< o and0< k<1, then

[

+ —
m, (k,f(z,c)) > 27r(1 ~ k)’%l' .

Proof: 1f |8] <1 -k, then we have

Re( 1 __ l—kcos® 1-k
1—ke®)  1+4k2—2kcos = (1 —k)2 + 2k(1 — cosb)

S 1-k > 1-k% N 1
S A=k +2k(02/2) = - k2 + k(L —K)Z = 2(1 — k)’

c P
exp (m) ] de

c? [ 1 P cP 1 P
27 J_, [Re (1 - ke"’)] 9=z 27r2(1 k) [2(1 - k)]

___1_ — \1-p
= (1= k).

Hence

kil

[ (k, £z, P = o [1og+

-7

This proves the lemma.
Now we are prepared to prove
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THEOREM 3.2: Let ¢(r) be any positive increasing function such that
p(r) =00, T — 00,
and let 0 < X < co. Then there exists an entire function Fy(z) such that
T(r, F1) = 0(p(r)(logr)?®), T — oo,

an entire function Fy(z) of order A and an entire function F3(z) of infinite order
for which ife > 0,1 < a<2,and 1 < p < oo, we have

l.— log M(r,F;) —
(2) o T(r,F:) 3+ T(ar,F) 1 ¢ >

and
T (r F;) .
hm = 00, = 19 2’ 31
o 1P B T(ar )
(b) Jim SEE > 214 - 30)
and
T (r, ;) . .
rll.’f,‘o'f@;r?—)—(—) { —4(a—1) } i=1,2,3
(C) HIH log M(r,F3 =
r—oo T(r,Fp)r
and

o m+(r,Fg) _
lim —20— = o0.
r=00 T(r,Fy)r Tp >
Remarks:
(i) We observe that the conclusions in (b) are of interest only for values of o
slightly greater than 1.

(ii) For entire functions f(z) with

(3.3) T(r, f) = O(logr)? as r — oo,
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W. K. Hayman has shown in (5] that

(3.4) lim 280 f)

R O

Parts (a) and (b) of Theorem 3.2, applied to F}, show that in general (3.4)
fails for entire functions not satisfying (3.3).

(iii) By considering Fj, Fy, and F3, we see that inequalities (a) and (b) can
occur for entire functions of any growth rate exceeding (3.3).

(iv) Part (a) shows that if in Theorem 2.2 we consider possible pairs of exponents
for T(R, f) and T(aR, f) with sum 1, then the choice of exponent 3 on
T(aR, f) in (2.5) and Eg}} on T(«aR, f) in (2.6) cannot be improved.

(v) From part (a) we deduce that

— m(r, F1)

A R -
which shows that even a weakened form of (3.4) obtained by replacing the
numerator by m} (r, f) does not hold without the restriction (3.3).

(vi) In part (b), we see that the constant d, of Theorem 2.2 is quite precise in
the sense that (2.5) and (2.6) do not hold for any choice of d, satisfying

da=o( 1 ), a—1%,
a—1

(vii) Part (c) shows that in Corollary 2.3 the exponents on R on the right side
of (2.13) and (2.14) cannot be decreased.

Proof: Suppose that the sequences r,,¢, and N, satisfy (3.1) as well as

(3.5)(i) rr=1, Tpy1 > 4r,,
(i) nlNp_1logr, = oc,), n - o0,
and
N,
(iii) = — 00, as n— oo

Cn
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We also assume that F(z) is constructed as in (3.2) with these new sequences.
Later we will make specific choices of ¢,,r,, and N, for each F;, 1 < ¢ < 3,
satisfying (3.5) and of course (3.1). Next we set, for all positive integers n,

R, =r,Ky, and S,= %,

where

1
2¢n \ 2 1
Ky =1-8(2 =
Nn (Nn> 3

Then we have

LEMMA 3.3: With the above notation, for r,/2 <r < R,, v 2> 2, we have
(a) log M(r, F) > log M (rl,f(z,cu)) - {4+o0(1)}e,, v— o0,
and

O meR2zm(Se) - o, vow.

Proof: To prove this lemma, we suppose that |2| < R, and n < v — 1. Then by
the inequality (1.4) and Lemma A (c) we obtain

PN,. (‘z—y Cn)
Tn

<3 {17(an,,)% + N, 1og+'(2%>} < 3{17N,_1 + N,_1log(2R,)}

(4 RV
log <logM (f—, PNn(z,cn)) <3r <2‘T‘"PN..(Z7 cn))

< 60N,_1logR,.

Therefore

(3.6) < (v —1)efNv-rlos R,

v—1 2

Z e_4‘:1.'}71‘/" (—v cn)
r

n=1 n

Hence we deduce from Lemma A (a), Lemma B (b) and (3.6) that for r, /2 <
2| < Ry,
—4c, i i — i
€ f('l',,’cu) Py, (r,,’c") f('f‘,,’cu)

V4
—d e *Py, (—,cn> > le
T

n#v

_ e—4c,,

|F(2)] 2

(3.7)
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From familiar properties of log*, we conclude from (3.5) (ii) and (3.7) that

/(2)
/()

The conclusion of Lemma 3.3 is immediate from (3.8).
We now estimate T(R,, F) and T(aR,, F') from above and log M(R,, F) and
m;'; (R,, F) from below. Recall that R, = Kn,r, > 7,/2 and

log* 1F()] > {log*

- 4c,,} —log* v — 60N,_1log R, — log2

(3.8)

= log*

- (4 + 0(1))6117 V= o0.

2¢ 3
. Kn =1-— vy
(3.9) N, 8 (N,,)

Since by Lemma A (b)
T (—,6_4C"PNV(Z, c,,)) <T(Kn,,Pn,(2¢c,)) <c, +1og2,

we deduce from Lemma B (a) and (3.5) (ii) that

v—-1
R, _4, R,
T(R,,F) §T<;,e PN_,(z,c,,)> +,;Nn (logE+2)

(3.10)
<A(ey +1log2)+ (v —1)N,_1(log R, +2) < (1 + o(1))c,, v — 0.

Since by (3.5) (i)

T r
—é’-<R,,<aR,,<2r,,§—ﬂ,

we may choose 7 = aR, in Lemma B (a) and then obtain from Lemma A (c)
and (3.5) that

v—1
T(aR,,F) < T(aKn,,e % Py (2,¢,)) + Z N, (log aTR,, + 2)
n=1 "

(3.11) <T(aKn,,Pn,(2,¢,)) + (v —1)N,_1(logr, + loga + 2)
< 17(c,,Nu)% + N, log"(aKn,) + ofc,)
< (1+4+0(1))N,loga, v — oco.
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Recall that
(3.12) log M(Kn,, f(z,0,)) = ——=

- Kn,

Thus we deduce from Lemma 3.1, Lemma 3.3, (3.5) (iii), and (3.9) that, for
v>2,

log M(R,,F) 2 log M(Kn,, f(2,¢.)) = {4 + o(1)}c,

(3.13) . ; o
=1—KN —{4+O(1)}Cu={m_O(l)}cuNy, v — 00,

v

and
mt (Ry, F) > mf(Kn,, f(z,¢,)) — {4+ o(1)}e,
1 c,
> — 4 »
-27r{(1-KNV)%} {a+o(1)e
(314 (s T ENE s
-+ m.) e NJ® — {4+ o(l)}e,

> (———1— —o(l)) c:%’_N%_”l, vV — 00.
16\/§7r
Now recall that 1 < a < 2and S, = R,/a = r,Kn,/a. Since Ky, — 1 as
v — 00, there exists a positive integer vy such that if v > vg, then

,
7”SSVSRV.

Hence we may choose r = S, (v 2 1p) in Lemma 3.3 to obtain by Lemma 3.1
and an obvious variant of (3.12) that

log M(S,,F)>logM ( , f(z, cy)) {4+ 0(1))}c,

Cv

(3.15) = TT/_ - {4+o(1))}e,

K —4—0(1)}c,,, v — 00,

and
m# (8, F) > m (S— 56)) - (+o(D))ey

{4+ o)},
1

(3.16) - KN /a }

p=1

2
A (=) —-4-0(1)pe,, v—o o0
- 2T a—KNv v ’
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Thus we conclude by (3.10), (3.11), (3.13), (3.14), and (3.5) (iii) that for any
e>0,

T log M(r, F) > Tm log M(R,, F)
r—o T(r, F)3*t¢T(ar, F)i=¢ =~ v= T(R,,F)i*T(aR,, F)i~¢
1 Py
(317) > Im {1/8v2 —0(1)}cZ N2
= v—oo [{1 + 0(1)}¢,) 3 +E[{1 + 0(1)} N, log a3 ¢
—~1\e
— m (Nllcv )1 —
v—oo 84/2(log a)2~¢

1

and

m*(r, F)
lim
T T(r, F) 2 +€T(ar P& >
R, F
> lim ( ) =
v= T(R,, F)% **T(aR,, F)% ~

{1/16\/} - o(1)}c Ny""

(3.18)

> iim
v {14 0(1)}e,] 2 JrE[{1 + o(1)}N, log o] e
(Nocyb)e
= lim = 00

v=% 16v/2n(log a) e

Thus such an F satisfies conclusion (a) of Theorem 3.2. Noting &S, = R,, we
conclude by (3.10) and (3.15) that

— — — {=%——-4-0(l)}c,

i EMLF) o o logM(S, F) o o {amk (1)}
319) " T(anF) “v=w T(R,F) “v=w  {l+o(l)}e,

__a 4= 4 - 3a

T a-1 T a-1

We also have by (3.10) and (3.16) that

— m¥(r, F) m}(S,, F)
3 P > M fid
A Fan F) 2 B TR, F)

= B ahe) T — 4= oW)e,
(3.20) 2 lim {1+o()}e,

1 = 1 1 .

(04 P 4 -1
= — 4> — — —4(a-— .
27 (a—l) 42 (a—l) {21r Ha-1)7 }

Thus such an F satisfies conclusions (b) of Theorem 3.2.
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Finally, our functions F;(2) (i = 1,2, 3) are to be constructed just as F(z) is,
with carefully chosen sequences r,, ¢,, and N, satisfying (3.1) and (3.5).

We first construct Fj(z) by choosing ry,,c,, and N, as follows. We set r; =
¢; = 1 and N; = 512. Suppose that r,,c,, and N, have been chosen for n < v.
Then we choose r, so large that

(3.21) (i) r, > 4r,—; and w(%) > 3N, _,,

where ¢(r) is the function occurring in the hypothesis of Theorem 3.2. This is
possible since ¢(r} — 0o as r — 0o. We then set

(3.21) (i) N, = [tp (%") log r,,] ,
and
(3.21) (iii) ¢, = N,/512v.

We next construct Fo(z) by choosing r,,, ¢, and N, as follows. Let r; = ¢; =1
and let N; = 512. Suppose that r,, ¢,, and N,, have been chosen for n < v. Then
we choose 7, so large that

(3.22) (i) logr, > vN,_17,-1.
We set

(3.22) (i) ¢y = (logr,)?,
and

(3.22) (iii) N, =[r)c].

Finally we construct F3(z) by choosing 7,,¢., and N, as follows. For n > 1,

we set

(3.23) (i) rn=4""1,

(i) en = (n))",
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and
(i) N, = 512nc,.

It is easy to show that the choices of sequences in (3.21), (3.22), and (3.23) all
satisfy (3.1} and (3.5). Hence Fi(2) (1 < ¢ < 3) are entire functions satisfying
the conditions (a) and (b) of Theorem 3.2.

It remains to estimate the growth properties of F;(z). From Lemma A(c),
Lemma B(a), and (3.5) (iii) we deduce for i = 1,2 and 7, /2 < r < r,41/2 that
r

T(r,F;)<T ( e'“"PNu(z,c,,)) + 0(vN,_1logr) = 0(N,logr), 7T — co.

Ty
Therefore by (3.21) (ii) and (3.22) (ii), (iii), we have
T(r, Fy) = 0([¢ (r,/2) log 7, ) logr) = O(p(r)(logr)?), 7 — oo,

and
T(r, Fy) = 0([r,i‘cl2,] logr) = 0(r*(logr)®), = — oo.

Hence Fy(z) satisfies the required growth condition and Fy(z) has at most order
A. On the other hand, note that the Maclaurin coefficients a, of f(z,¢,) are all
positive. Since

s ={os (F)} (e ()}

nle, . c, +
— e = X
1= 2y OPAT ’

we estimate for all n that

an > c e,
Hence we have
log M(er,, Fy) = log Fy(er,) > log Pn,_(e,c,) — 4c,
> log(an,e™) = 4c, > (1 - o(1))N, = (1 = o(1))r2c?, v — .
Thus F»(z) has order A and satisfies the growth condition of the theorem.

Next we want to show that F3(z) has infinite order. By virtue of (3.13) and
(3.23), we have

o

log M(R,, F3) > (—1— - o(l)) ¢IN,

1
5/ > (m - o(l)) W, v — o0,
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and
R, <r,=4""1,

Hence for any positive number ¢,

UE@O IOg Mé}zm FS)

> Tm (ﬁz"o(l)) ()4

—00 4“""1)

Thus F3 has infinite order.
Finally we need to show that F,(z) satisfies (c) of Theorem 3.2. By (3.10),
(3.13), (3.14), and (3.22) we have

1 373
. 1 ’ (2 —o(1)) 2 N2
T logM(r,Fz) > Tm og M(R ,Fi) > Tm (s\/i ) X
r=o T(r, Fy)rz — v=® TR, F)RE  “7° (1+0(1))e, R2
oA 3
> fm S _ i@ ¢ o

~ v—oo 8\/56,,7‘,,% v-—00 8\/§

and

— mi(n F — *(R,, F.
i A UL N - G
ST F)r T T (R, R)RP

Bl p=l
¢.*? N,

(g o)

> lim =15
V—00
(1+0(1))e, R*
el —~1 2=l
e U il

—— = lim =00
S ey, Y 16V
The proof of Theorem 3.2 is now complete.
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